We show that it is possible to generate entanglement between two distant Bose-Einstein condensates by detection of Hanbury Brown-Twiss type correlations in photons Bragg-scattered by the condensates. Upon coincident detection of two photons by two detectors, the projected joint state of two condensates is shown to be non-Gaussian. We verify the existence of entanglement by showing that the partially transposed state is negative. Further we use the inequality in terms of higher order moments to confirm entanglement. Our proposed scheme can be generalized for multiple condensates and also for spinor condensates with Bragg scattering of polarized light with the latter capable of producing hyper entanglement.
I. INTRODUCTION
Quantum entanglement means inseparability of joint wave function of two or more distant objects into a product of wave functions of individual objects -even in the absence of any mutual interaction or communication between them. This epitomizes the underlying nonlocal character of quantum world. One of the consequences of this nonlocal realism is that a single local measurement can not reveal the complete state of an entangled system, since the process of measurement itself forces the wave function to "collapse" into one its measured (eigenstate) state in a probabilistic sense. Thus, measurement process can post-selectively play a role in creation and manipulation of entanglement, and this is the essence of what is called "projective measurement".
Efficient generation of entanglement in many-particle systems and its robust transmission and transfer to other systems is important for quantum information processes. Based on atom-photon interaction and the exchange of photons between the qubits, entanglement in distant atomic states [1, 2, 3] and also between photons [4, 5] have been experimentally demonstrated. There is another way of entangling two remote systems without requiring any direct interaction between them: This is based on projective measurement. This indirect method of creating entanglement between distant systems can also be applied for many quantum communication tasks. In a recent experiment, Moehring et al. [6] have created entanglement between two distant trapped ions by coincident detection of two photons spontaneously emitted by the two ions. An earlier experiment has shown interference of light emitted by two atoms [7, 8, 9 ] making use of projective measurements. Thiel et al. [10] have proposed a scheme of entangling several remote atomic qubits and thereby creating Dicke state [11] of many-atoms by projective measurement of photons using multiple photo-detectors. Dicke states are particularly important for their robustness against particle loss [12, 13] and non-local properties of entangled multipartite states [5, 14, 15, 16] . There are several other proposals for projecting distant non-interacting particles into entangled states via photodetection [17, 18, 19, 20, 21, 22] . Continuous variables like the quadratures of a field mode (which are analogous to position and momentum) have also been employed [23] in entanglement studies.
Bose-Einstein condensate (BEC) is a macroscopic quantum object where entanglement arises quite naturally due to two-body interaction. Bogoliubov theory [24] of Bose condensation reveals that in the ground state of condensate, two particles with opposite momentum are maximally entangled [25] in momentum variables as in EPR state [26] . This unique feature makes Bose condensates a good source of entanglement in motional degrees of freedom. Furthermore, in a two-component BEC, one can generate entanglement in hyperfine spin degrees of freedom [27, 28, 29, 30, 31, 32, 33] . In order to extract the intrinsic entanglement of a BEC for useful purpose of quantum information processes, it is required to excite quasi-particles in momentum modes by stimulated Raman scattering or Bragg scattering [34, 35] . Then a scattered atom becomes entangled with Bragg-scattered photon [36] . In fact, Bragg spectroscopy can be used as a tool for generating entanglement of different kinds in a variety of physical situations. For instance, tripartite entanglement among two momentum modes of BEC and one electromagnetic field mode can be produced [25] . Furthermore, it has been shown that when a common laser beam passes through two spatially separated condensates, photon scattered by the first condensate carries and transfers quantum information to the second one and thereby two condensates become entangled [37] . Similar experimental scheme has been used to produce and sub- sequently measure phase difference between two spatially separated condensates [38] .
Here we propose a new scheme for generation of entanglement between two remote condensates by projective measurement on Bragg-scattered photons. Our scheme relies on coincident detection of two Bragg-scattered photons coming from two remote condensates in a Hanbury Brown-Twiss type experimental arrangement as schematically illustrated in Fig.1 . A and B are two remote single-component condensates. Bragg scattering of pump photons occur independently at the two condensates, the scattering is stimulated by probe beams. This gives rise to the generation of quasi-particles in both the condensates in particular momentum modes determined by the relative angle between pump and probe light beams. The probe beams are assumed to have the same mode, that is, same frequency and polarization property. The scattered photons in the probe modes are allowed to pass through a beam splitter in order to coalesce them to lose which path information. Then the two photons coming out of the output ports of the beam splitter are detected by two photo-detectors D 1 and D 2 in a coincident way. The joint projective state of the two spatially separate condensates is explicitly non-Gaussian. The entanglement of such non-Gaussian states can not be ascertained from the correlation in fluctuations of quadrature phase variables or number variables [39] . To prove the existence of entanglement in such a non-Gaussian state, we use the inequality criterion recently proposed by Agarwal and Biswas [39] based on the phase fluctuation of paring operators (of the formâb , whereâ andb are annihilation operators of the two sub-systems) and the concept of partial transpose of Peres [40] and Horodecki [41] . Vogel [42] and also Hillery and Zubairy [43] have recently introduced a class of similar inequalities the violation of which is sufficient to show the presence of entanglement in two bosonic fields.
The paper is organized in the following way. Since Bragg scattering holds the key for generating quasiparticles and atom-photon entanglement, we first give a brief introduction to Bragg scattering in Sec.II in order to reveal the essential physical processes involved in Bragg scattering. We then formulate our theoretical model of projective measurement and discuss its effect in generating entanglement in Sec.III. In Sec.IV, we characterize entanglement and discuss our results. The paper is concluded in Sec.V.
II. BRAGG SCATTERING
In a Bose condensate of weakly interacting atomic gases, zero momentum (k = 0) state is macroscopically occupied. Therefore, atom-atom collision occurs primarily between zero-and non-zero momentum atoms. In stimulated Raman or Bragg scattering, two far-off resonant laser beams with a small frequency difference is impinged on a trapped BEC. There are basically two physical processes in Bragg scattering. In the first process, a photon from the laser beam with higher frequency is scattered into a photon of the other laser mode. This causes transformation of a zero-momentum atom into an atom of momentum q, where q is the difference in photon momentum of the two beams. In the second process, an atom moving with a momentum −q is scattered into a zero-momentum state. Because of bosonic stimulation, the scattering of atoms from zero-to q− momentum state will be dominant process. There also occur the processes which are opposite to above two processes, but these are subdued due to phase mismatch. Thus Bragg scattering generates quasiparticles [34] , predominantly in two momentum side-modes q and −q. Bragg spectroscopy [35] with coherent or classical light produces coherent states of quasiparticles in a BEC. When these quasiparticles are projected into particle domain, they form two-mode squeezed as well as entangled state [25] in particle number variables.
Two remote condensates A and B are subjected to Bragg scattering with pairs of Bragg pulses. The frequencies and the directions of propagation of the laser beams are so chosen such that Bragg resonance (phase matching) conditions of scattering in both the condensates are fulfilled. We assume the pulse with higher frequency has higher intensity and hence can act as a pump. The other laser beam which acts as stimulant for scattering is of much lower intensity and so can be considered as probe beam. We treat pump beams classically. Since scattering at the two condensates occur independently, the Hamiltonian is simply the sum of the Hamiltonian H A and H B corresponding to condensates A and B respectively. Letâ q andb q represent the annihilation operators for particles with momentum q in condensate A and B, respectively. Let the corresponding Bogoliubov quasiparticles be denoted byα q andβ q , respectively. In terms of these quasiparticle operators, the effective Hamiltonian as derived in the Appendix can be written as
where the superscript J stands for condensate A or B, c j (with j = a, b) is photon annihilation operator for the probe beam applied to condensate J. The particle operatorsπ q (≡â q ,b q ) are related to the quasi-particle operatorsχ q (≡α q ,β q ) by Bogoliubov's transformation
with
and
is the energy of Bogoliubov's quasiparticle.
is the chemical potential with ξ = (8πn 0 a s )
being the healing or coherence length, δ j is the detuning between the pump and probe frequencies, η = √ N f q Ω, where f q = u q − v q and Ω is the two-photon Rabi frequency. We assume the Bragg resonance condition (δ ≃ ω q ). The hamiltonian can be solved exactly in Heisenberg picture. The Heisenberg equations of motion for a triad of operators X = α qα † −qĉ † j T can be written in a matrix formẊ = iω B q MX, where M is a 3 × 3 matrix
wherex =x/ω B q . Let D be the diagonalizing matrix of M. The solutions can be explicitly written as
where E is a diagonal matrix :
q t and λ i s being the eigenvalues of M matrix.
III. ENTANGLEMENT PRODUCED BY PHOTO-DETECTION
Our proposed scheme is shown in Fig.1 . Quasiparticles are generated in the condensates A and B due to stimulated light scattering in a pump-probe type Braggspectroscopic method. Letĉ a andĉ b denote annihilation operators for the two probe light beams scattered by condensates A and B, respectively. Using Eq. (6), the scattered light at the output of the two condensates can be represented bŷ
where a ±q , b ±q , a c and b c are time-dependent coefficients determined by the Eq. (6). The scattered light output coming from the two condensates are passed through a beam-splitter and finally collected at the two detectors at D1 and D2 as shown in Fig.1 . Let the reflectivity and transmissivity at left side of the beam-splitter are r and t, respectively, while those at right side are r ′ and t ′ . Then the photon annihilation operators at D1 and D2 can be expressed asĈ
Let the initial state of the total system i.e. two condensates plus the two probe fields, be represented by
where | 0, 0 AB indicates a product state with both the condensates in ground states of quasiparticles, where first '0' corresponds to condensate A and the second '0' to condensate B. We assume that both the probe fields are in coherent states | α, β f ields where the field amplitudes α and β correspond to the probes incident at A and B, respectively. Measurement of two-photon correlation via coincident detection of scattered probe lights at the two detectors will project the two-condensate density operator into
where Tr fields implies tracing over the field states, ρ 0 =| Ψ 0 Ψ 0 | and N denotes a normalization factor. Now, substituting 9 and 10 into 12 and using the relations 7 and 8, we obtain ρ AB =| Φ Φ | where
The states | S j (1 q , 2 q ) denotes a superposition state of ground, one and two q-phonon excited states of condensate j(≡ A, B). Similarly, | Σ j (0, 1 q ), is another superposition state of ground and one phonon excited states of condensate 'j'. Explicitly, these superposition states can be expressed as
Now, we have the reciprocity relations
Let t = |t| exp(iφ) and t ′ = |t ′ | exp(iφ ′
For a 50:50 beam splitter, we then have (17) where ∆φ = φ − φ ′ and |Φ = exp(−2iφ ′ ) | Φ . Eq. (17) is manifestly an entangled state of the two condensates A and B. This state obtained via two-photon detection is different from the Gaussian state of each independent Bose condensate. Furthermore, the basis states involved in this entanglement describe collective modes or phonon modes of the condensates, | 0 A , S B refers to a joint condensate state in which condensate A is in zero phonon and condensate B is in a superposition of zero, one and two phonon states. This state results from quantum interference of two probable processes which are: (1) two scattered photons come from condensate B and no photon is scattered by condensate A, these two photons are then split by the beam splitter and detected at the two detectors projecting the joint condensate state into the form | 0 A , S B . (2) The second process consists of scattering of two photons by condensate A and no photon by condensate B, this results in the joint condensate state | S A , 0 B . Since these two processes are probabilistic, the quantum interference of these two processes eventually gives rise to the resultant state of the form (17) for a 50:50 beam splitter. When one scattered photon comes from A another from B, there is the probability amplitude of rr ′ that both the detectors will detect the only reflected part of the two photons and also the probability amplitude of tt ′ that only transmitted part of both the photons will be detected. Both these processes project the joint condensate state into the form | Σ A (1 q ), Σ B (1 q ) . The net probability amplitude being the sum of these two quantities, for a 50:50 beam splitter they cancel each other. This explains why there is no component of | Σ A (1 q ), Σ B (1 q ) in Eq. (17) .
As discussed earlier, photons scattered by a condensate share entanglement with phonons or condensate momentum modes. These scattered photons can act as the carriers of quantum information of phonons. In a BEC of weakly interacting atomic gases, phonons are long-lived. By coincident detection of two independent photons but separately entangled with their respective scatterer condensates, we can establish a quantum communication channel between two condensates . Thus our proposed method of generating entanglement between two remote condensates may also find application in quantum cryptography [44] and teleportation [45] . Furthermore, this two-photon detection scheme may enable a partial Bell state analysis [20, 46, 47] . Most of the earlier proposals for creating entanglement between two distant ions or atomic ensembles via photo-detection are based on the electronic excitation and subsequent emission of photons that are detected. In such situations, spontaneous decay to unwanted electronic states and decoherence can not be avoided. In our proposed scheme, since we use far-off resonant stimulated Raman-type light scattering, spontaneous emission is negligible. Since the system is a Bose condensate of weakly interacting ultracold atoms with long coherence time, decoherence is also at a minimum level. Moreover, we use coherent light for stimulating photon scattering and so our scheme does not require any cavity.
IV. CHARACTERIZING ENTANGLEMENT IN STATE (17)
A. Negativity of the partial transpose of the density matrix
The necessary and sufficient condition for entanglement in any bipartite system is the negativity of at least one of the eigenvalues of the partial transpose [40] of the density matrix of the system. Let ρ A,B denote the density matrix of a bipartite system composed of sub-systems A and B. Under partial transpose of Peres and Horodecki over the sub-system B (or A), let the density matrix be represented by ρ . If the wavefunction of the composite system is inseparable, then there will be at least one eigenvalue of the transposed matrix which is negative. Now, the state in Eq. (17) can be expressed as
where | m, n represents a joint quasiparticle number basis with m number of quasiparticles in condensate A and n number of quasiparticles in condensate B. From Eqs. (14) and (17), we find
Similarly, all other coefficients C m,n can be deduced from Eqs. (14) and (17) . The density operator is ρ AB =| Φ Φ |. Taking partial transpose on ρ AB with respect to B implies changing the base operators | ij mn |→| in mj | and the resulting matrix is ρ AB T . We numerically find that in all parameter regimes there is one eigenvalue of ρ AB T which is always negative and hence the state (17) is an entangled state. Figure 2 shows that the negativity of the eigenvalue is more prominent when the probe photon number |α| 2 = |β| 2 = n p is lower.
B. Violation of the entanglement inequalities for observables
Based on the idea of partial transpose, Simon and also Duan et al. [48] have independently given an entanglement criterion. Using variances in quadrature variables, an entanglement parameter [48] can be defined as
withŜ being any bosonic operator of the sub-system S. According to the criterion of [48] , the condition for the occurrence of entanglement is ξ XP < 1. This condition is necessary and sufficient for Gaussian quadrature variables only. For non-Gaussian states, this is only sufficient. There are certain non-Gaussian bipartite states which are conspicuously inseparable but do not fulfill the condition ξ XP < 1. In the present context, the state (17) is manifestly a non-Gaussian state. This prompts us to look for other criteria [39, 42, 43] based on higher order moments of observables. Let us now test whether the higher order entanglement criterion introduced in Ref. [39] can reveal the entanglement in state (17) . To this end, let us first discuss what this criterion is. Using quasiparticle operatorsα andβ (same asα q andβ q defined in Eq.(2), the subscript q is omitted for simplicity), we construct the following operators
which satisfy SU(1,1) algebra. These SU(1,1) operators are previously employed for studying higher order squeezing. The Heisenberg uncertainty relation of these operators implies the inequality
Let us now make partial transposeβ ↔β † . Under this partial transpose , the above inequality becomes
After some simple algebra, we have
where N 2 = 2 α †αβ †β , N = α †α +ββ † and
Collecting all these terms, the inequality (25) can be expressed in the form
Violation of this inequality means the occurrence of entanglement. It is worth mentioning here that all these criteria are sufficient for showing entanglement in a bipartite system. We now concentrate on the form of the state given in Eq. (18) . In all the joint base states | m, n , quasiparticle vacuum state (| 0 S ) of either condensate S (A , B) appears explicitly. This means that the correlation function N 2 of the quasiparticle number operators is zero for any parameter regime. This reduces the inequality (29) to the form
Since N 2 = 0, the variance ∆ α †β +αβ † 2 equals to (N + M ) . Because this variance is non-negative, the quantity (N + M ) must be non-negative. This implies that the inequality (30) is violated. Thus we have proved that the state (17) is entangled.
C. Stronger entanglement by selection of probe phase
Here we show that the entanglement can be made stronger by choosing appropriate phase of the two probe beams. In state (18) , there is a purely Gaussian component corresponding to the basis | 0, 0 which implies that both condensates are in their respective quasiparticle vacuum. Since the criterion (29) is devised for verifying entanglement in non-Gaussian bipartite state, we expect that, on elimination of this purely Gaussian component from (18) , violation of the inequality (29) (17) on the violation of entanglement inequality (29) in the quasiparticle picture is illustrated. The upper curve corresponds to the case when the purely Gaussian basis state | 00 is present in (17) , and the lower curve corresponds to the case when this state is eliminated by choosing the appropriate phases of the laser fields. For two identical BEC's and same atom-field couplings, when the phase difference between the two input probe beams is π/2, the coefficient of the basis | 00 vanishes provided the path-difference between the two output probe beams arriving at the detectors is zero. Here np = 10 and all other parameters are same as in Fig.2. two input probe fields which are assumed to be in the coherent states. In other words, this means α = iβ that is the two input probes should have a phase difference θ αβ equal to π/2. Now, a phase difference of π/2 between two beams can easily be made if they are derived from a single laser through a 50:50 beam splitter with transmitted and reflected beams being used as the two input beams. We plot left hand side (LHS) minus right hand side (RHS) of Eq. (29) as a function of interaction time in Figs. 3 and 4 for various parameters. Obviously, negativity of (LHS-RHS) implies violation of the inequality (30) and hence entanglement. For all our numerical illustrations, we consider two identically prepared BEC's with the same atom-field coupling strength. However, it is worth pointing out that this assumption is not necessary for exploration of entanglement between the condensates, this is assumed only for the sake of simplicity. Figure 3 shows the effect of probe photon number (or intensity) on the degree of violation of the inequality. Weaker the probe intensity is, stronger is the violation. Figure 4 illustrates that when the purely Gaussian component is eliminated (θ αβ = π/2) from the state (17), the negativity of (LHS-RHS) becomes much stronger implying that the criterion (29) works better for highly non-Gaussian entangled states. For identical coupling constants and detuning between the pump and the probe for the two condensates, we find that the degree of violation of the inequality saturates at the long interaction time limit. However, for any mismatch in coupling constants or detunings, we have found that (LHS-RHS) tends to zero in the long interaction time regime (not shown). The effect of atom-field coupling strength on the negativity of (LHS-RHS) is illustrated in Fig. 5 . We notice that in the strong-coupling regime the negativity is stronger. Furthermore, in the limit of very strong-coupling the violation of the inequality becomes almost insensitive to the initial phase-difference θ αβ of the two probe beams. This indicates that strong-coupling is important for entanglement between remote condensates. This in turn brings in the important role of condensates in quantum information science: Since the effective atom-field coupling strength is proportional to the square root of number of atoms, strong-coupling regime can easily be attained with a BEC rather than a thermal gas. Since thermal and phase fluctuations in a BEC is at the minimum level, collective atom-field coupling can easily be accomplished with a BEC in a cavity with a moderate Q-factor. For experimental verification of entanglement, one needs to measure the various variances (appearing in the inequality) in the phonon or collective excitation modes of BEC.
V. CONCLUSION
In conclusion, we have shown that two remote independent condensates can be made entangled in collective excitations of BEC such as quasiparticle or phonon variables by projective measurement on two photons Braggscattered by the two condensates. The generated entangled state is explicitly non-Gaussian and the existing criterion for entanglement in Gaussian variables is insufficient in revealing entanglement in this state. This has prompted us to test another criterion [39] introduced specially for testing entanglement in non-Gaussian states. We have shown that with this criterion the projective state of the two condensates is entangled and the entanglement can be made stronger by choosing probe phase in such a way so that the non-Gaussian nature of the entangled state becomes more prominent. The entanglement is shown to be stronger when the probe beams are weaker and the atom-field coupling is higher. Since atoms behave collectively in BEC-field interaction and also because of √ N (N is the atom number) scaling of coupling strength, BEC can play an important role in generation and manipulation of entanglement. Since the entanglement in the present context arises in the higher order fluctuations of the paring operators, experimental detection of this entanglement requires new techniques that will enable to measure the pairing fluctuations of phonons or quasiparticles. Using Bragg spectroscopy phonons in a BEC have been detected by Ketterle's group. But how to detect phonon-phonon correlation which is crucially required for exploration of higher order entanglement is presently unknown. Perhaps by knocking out pairs of atoms from the two trapped condensates and measuring their fluctuations, one can detect this entanglement. Our proposed scheme can be easily generalized for multiple condensates. Furthermore, it may be interesting to generate entanglement both in spin and motional degrees of freedom using spinor condensates and polarized lights in our scheme with the possibility of interesting interplay of entanglement in spin and center-of-mass degrees of freedom.
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APPENDIX
Here we derive the effective hamiltonian for Bragg scattering in a condensate. The total hamiltonian of a condensate interacting with two single-mode light fields is H = H A +H F +H AF , where H F = ω 1ĉ † k1ĉ k1 + ω 2ĉ † k2ĉ k2
corresponds to the two fields described by the operatorŝ c k1 andĉ k2 with photon momentum k 1 and k 2 and the frequencies ω 1 and ω 2 , respectively. We assume ω 1 > ω 2 .
